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We propose a coupling mechanism for mechanical resonators with resonance frequencies in the
MHz regime taking into account elastic wave propagation in a solid substrate. MHz frequency
resonators attached to an elastic substrate emit surface (SAW) and bulk (BAW) acoustic waves.
The resulting SAW/BAW interference and the interaction between the SAWs and the resonators
give rise to a coupling between the resonators. In contrast to the well-known and strain-induced
spring-like coupling, the proposed wave coupling is not only dispersive but also dissipative. Our
results suggest that coupled MHz frequency resonators exhibit oscillation dynamics not investigated
so far in mechanical systems. The dissipative coupling can be exploited to realize high quality
phonon cavities, an alternative to acoustic radiation shielding by, e.g. phononic crystals.
Two resonators mounted on the same substrate are
considered as coupled if the mechanical motion of one of
the resonators affects the mechanical motion of the other
resonator and vice versa. Such systems of coupled res-
onators are widely used in fundamental studies and prac-
tical applications due to their rich oscillation dynamics.
They are utilized to build highly precise mass sensors [1–
3], potentially allow for the study of quantum-coherent
coupling and entanglement between two distinct macro-
scopic mechanical objects [4], and enable the investiga-
tion of collective dynamical phenomena [5].
In a lumped-element model a surface-mediated cou-
pling is usually represented by a spring connecting two
spring-mass systems [6, 7]. In doing so, the interaction
between the resonators is assumed to be instantaneous.
This assumption is not true anymore if the distance be-
tween the resonators is on the order of the substrate’s
SAW wavelength. In this case the resonators have to be
considered as SAW sources [8, 9] and the traveling time
of the SAW from one resonator to the other has to be
taken into account.
In the context of micro- and nanomechanical res-
onators, wave propagation becomes relevant when the
resonators reaches several MHz. SAW velocities are usu-
ally on the order of 103 m/s [10]. Hence, the SAW wave-
length is on the order of 10 µm at 100 MHz. An example
for wave-coupled resonators are short micro-pillar res-
onators, as illustrated in Fig. 1(a). Since their width is
on the order of a few µm, the distance between two pil-
lars is naturally on the order of the SAW wavelength at
the pillar’s resonance frequency. Micro-pillar resonators
are compatible with SAW devices and are utilized to ma-
nipulate the SAW propagation [11–15].
Recent experiments of two coupled micro-pillar res-
onators [16] revealed the need for a coupling model, which
includes elastic wave propagation in a solid substrate and
accounts for resonators distanced in the order of the SAW
wavelength. In this letter, we propose such a model and
give an analytical expression for the coupling function
of two MHz frequency resonators vibrating in the (anti-
)symmetric (normal) mode as a function of their separa-
tion distance. We theoretically show that the inclusion
of elastic wave propagation result in a coupling, which,
in contrast to the spring-like coupling, not only alters the
resonators’ eigenfrequency, but also affects their damp-
ing. Both quantities are periodically altered by the wave
coupling as a function of the distance between the res-
onators. Taking all together, our results suggest that
coupled MHz frequency resonators exhibit oscillation dy-
namics which were not seen so far in a mechanical system
of coupled resonators. In the following, we consider pillar
resonators vibrating in a bulk mode, allowing us to model
the resonators as acoustic point sources. The results are
general and apply also to other vibrational modes and
types of resonators.
A resonator pair distanced on the order of the
SAW wavelength is coupled via two mechanisms:
a direct SAW-resonator interaction and an indirect
SAW/BAW interference-based interaction. The direct
SAW-resonator (SR) interaction is schematically de-
picted in Fig. 1(b),(c) by the effective SAW force FSR.
FSR represents the forces in the physical system of two
resonators of finite size, which a SAW emitted by one
resonator exerts on the other resonator. Considering the
symmetric mode of two identical resonators, the phase
relation between the resonators displacement and FSR
depends on the distance between the two resonators. For
distances of integer multiples of the half SAW wavelength
n · λSAW/2, the resonators displacement and FSR are in
phase or 180◦ out of phase [see Fig. 1(b),(c)]. The cou-
pling is purely dispersive and results in a shift of the
resonators resonance frequency. For no phase difference,
FSR works against the restoring force of the resonators.
This has a similar effect like a spring softening and the
resonance frequency decreases. For a phase difference of
180◦ the opposite happens.
For distances of uneven integer multiples of the quarter
SAW wavelength (2n + 1) · λSAW/4, the resonators dis-
placement and FSR are 90
◦ out of phase. The SAW ab-
sorbs energy from the resonator or transfers energy to it,
depending on the sign of the phase difference. The cou-
pling is purely dissipative and has a similar effect like a
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FIG. 1. Coupled pillar resonators and the wave coupling mechanism. (a) Schematic of the symmetric mode of two coupled
identical pillar resonators distanced on the order of the SAW wavelength. The pillar resonators vibrate in out of plane direction
(bulk mode) and act as sources for SAWs. (b),(c) Schematic of the wave coupling mechanism along one dimension illustrating
the phase relation between the SAWs, the corresponding radiated power Prad, and the phase relation between the effective
SAW force FSR and the pillars’ displacement for two different distances d. The pillar resonators vibrate in the symmetric mode
and are shown in the moment of maximum displacement.
change in the resonators’ damping coefficient. The qual-
ity factor Q of the resonators changes, which is defined
as the ratio between energy stored and energy lost during
one cycle at resonance.
The equation of motion of a weakly damped harmonic
resonator driven by a force F (t) is given by [7]
z¨ + (ω0/Q0) z˙ + ω
2
0 z = F (t)/m , (1)
where z, ω0, Q0, and m are the displacement, eigenfre-
quency (ω0 = 2pi f0), quality factor, and effective mass of
the resonator, respectively. As discussed, the coupling of
two resonators via the SAW-resonator interaction results
in a periodic modulation of f0 and Q0 of both resonators
with increasing distance d between them. The strength
of the modulation is proportional to ASAW(d), the nor-
malized (ASAW(0) = 1) amplitude of the SAW emitted
by one of the resonators at the site of the other resonator.
The higher the SAW amplitude the higher is the exerted
force on the resonators. Taking into account that the
symmetric mode features z1 = z2 & z˙1 = z˙2, the force
FSR exerted by the resonators on each other in the sym-
metric mode due to the SAW-resonator (SR) interaction
can be expressed by
FSR(d) = mASAW(d)
[
α2SR ω
2
0 z cos(kd)
−βSR (ω0/Q0) z˙ sin(kd)
]
,
(2)
where αSR is the maximum relative change of the eigen-
frequency, k is the wavenumber (k = 2pi/λSAW), and
βSR is the maximum relative change of the damping co-
efficient. We assume that the resonators are identical,
and that the radiation of elastic waves in the substrate
(clamping loss) dominates the energy dissipation in the
resonators.
In the discussion above, we further assumed that the
phase difference between the displacement of a resonator
and the displacement of its emitted SAW, at a distance
r to the resonator, is given by k r. In a real system this
is not necessarily true. The transfer of the vibrational
motion of a resonator into a SAW can result in an addi-
tional phase difference θ(r) (see Supplemental Material
[17]). Considering this, the phase difference between the
displacement of a resonator and the displacement of its
emitted SAW is given by
∆φ(r) = φR − φSAW(r) = k r + θ(r) . (3)
and the more general expression for FSR is
FSR(d) = mASAW(d)
[
α2SR ω
2
0 z cos
(
∆φ(d)
)
−βSR (ω0/Q0) z˙ sin
(
∆φ(d)
)]
.
(4)
The second coupling mechanism, based on SAW/BAW
interference, is closely related to so-called nonradiative
sources [18–20] and is purely dissipative. It is schemat-
ically depicted in Fig. 1(b),(c) by the radiated power
Prad of the resonator pair. In Fig. 1(b) the emitted
SAWs of two resonators interfere constructively, whereas
in Fig. 1(c) the interference is destructive. The resonator
pair in Fig. 1(b) radiates more power Prad than the res-
onator pair in Fig. 1(c). Hence, the symmetric mode
shown in Fig. 1(b) has a lower quality factor than in
Fig. 1(c), since both resonators have the same maximum
displacement and thereby the same total energy. For two
resonators mounted on a semi-infinite substrate the situa-
tion is much more complex, and the minima and maxima
do not occur for distances between the resonators that
are exactly an integer multiples of the half SAW wave-
length n ·λSAW/2. The resonators emit SAW in all direc-
tions and bulk acoustic waves (BAW) into the substrate.
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FIG. 2. Numerical calculations of two acoustic point sources.
Inverse of the time-averaged radiated power of two acoustic
point sources for different distances d between the sources
(case 2) normalized by the inverse of the time-averaged radi-
ated power of a single source (case 1). The solid red line is
the result of Eq. (5).
To determine the quality factor modulation, the whole
three dimensional interference pattern has to be consid-
ered, which is quite complex due to the coexistence of
SAWs and BAWs. In a first approach, we simplified the
situation by modelling the resonators as acoustic point
sources on top of an isotropic elastic medium and nu-
merically calculated the inverse of the radiated power of
the two sources for different distances d. A detailed de-
scription of the calculations is given in the Supplemental
Material [17]. For a mechanical resonator dominated by
clamping losses, the inverse of the resonator’s radiated
power 1/〈Prad〉t is proportional to its quality factor. Our
numerical calculations correspond to results obtained for
optical systems [21] (see Fig. 2), which show that the in-
verse of the radiated power normalized by two times the
radiated power of a single source is given by
2 〈Prad,1〉t/〈Prad,2〉t = 1/
[
1 + (k d)−1 sin(kd)
]
. (5)
The amplitude of a wave emitted by an acoustic point
source is proportional to the inverse of the wave’s prop-
agation distance. Hence, the term 1/d in Eq. 5 is pro-
portional to the amplitude of the acoustic pressure wave
emitted by one of the resonators at the site of the other
resonator. Having this in mind, we chose
Qsym(d)/Q0 = 1/
[
1 + βIntASAW(d) sin
(
∆φ(d)
)]
, (6)
as an ansatz for the quality factor modulation of two
wave-coupled resonators mounted on a semi-infinite sub-
strate, where βInt is the maximum relative change of the
damping coefficient. Based on Eq. (1) and Eq. (6), the
coupling of a resonator pair by SAW/BAW interference
(Int) in the symmetric mode can be expressed by the
effective coupling force
FInt(d) = −mβInt (ω0/Q0)ASAW(d) z˙ sin
(
∆φ(d)
)
. (7)
FInt has the same form as the dissipative part of FSR, but
the physics behind these two forces are completely differ-
ent. In the case of the SAW-resonator interaction, the
quality factor of the resonators increases, since a small
part of the overall emitted power by each resonator trav-
els in the form of a SAW to the other resonator and is
absorbed again. Only relatively small modulations in the
quality factor are expected compared to the SAW/BAW
interference related interaction. In the latter case, the
quality factor increases, since the resonators radiate less
power. The whole wave pattern is considered, which re-
sult in large modulations of the quality factor, as can be
seen in Fig. 2. Thus, βInt  βSR and the total wave cou-
pling of a resonator pair for the symmetric mode is given
by
Ftot(d) = mASAW(d)
[
α2SR ω
2
0 z cos
(
∆φ(d)
)
−βInt (ω0/Q0) z˙ sin
(
∆φ(d)
)]
.
(8)
The expression for the wave coupling for the antisym-
metric mode is given by −Ftot, since the antisymmetric
mode features z1 = −z2 & z˙1 = −z˙2, resulting in a extra
phase of 180◦ expressed by a minus sign.
To test the proposed wave coupling model, we per-
formed finite element method (FEM) simulations of a
pair of pillar resonators. We calculated the eigenfrequen-
cies and quality factors of the symmetric and antisym-
metric modes of two pillar resonators as a function of
the spacing between the resonators and fitted the wave
coupling model to the data. Detailed information about
the FEM simulations and the fitting of the wave coupling
model are given in the Supplemental Material [17]. The
results of the FEM simulations are displayed in Fig. 3
and show excellent agreement with the proposed wave
coupling model. The quality factor of a single pillar res-
onator was Q0 = 207.5 and is inversely proportional to
the acoustic coupling strength of the single resonator and
the substrate. The stronger the acoustic coupling is the
stronger is the modulation of the eigenfrequencies, since
the ratio between the SAW force FSAW and the restor-
ing force of the resonators decreases with a increasing
acoustic coupling strength.
The coupling strength of two mechanical resonators
is a crucial characteristic and is usually determined by
measuring the frequency difference between the antisym-
metric and the symmetric mode. For wave-coupled res-
onators, the coupling strength cannot be determined by
this method. At specific distances the wave coupling is
purely dissipative. The resonators are coupled, but the
frequency difference between the two modes is zero.
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FIG. 3. Finite element method (FEM) simulations of a pillar resonator pair. Eigenfrequency and quality factor of the symmetric
and antisymmetric modes as a function of the distance d between the pillars. The quality factor is normalized by the quality
factor of a single pillar resonator (Q0 = 207.5). The gray solid lines mark the corresponding properties of a single pillar
resonator. The red lines are fits of the wave coupling model to the FEM data (see Supplemental Material [17]).
So far, the focus has been on two resonators mounted
on a semi-infinitive substrate. Replacing the substrate
by an infinitive plate or beam results in a tremendous
increase in the modulation amplitude of the eigenfre-
quencies and quality factors. In the case of a quasi one-
dimensional structure, such as a beam, emitted waves do
not show any decay in amplitude assuming no damping in
the substrate itself. Two resonators mounted on a beam
and vibrating in the symmetric mode in principle do not
lose any energy by the radiation of elastic waves for dis-
tances of uneven multiples of the half wavelength n ·λ/2.
A standing wave is formed between the resonators. Out-
side the resonators, the emitted waves completely cancel
out each other [18, 19].
In conclusion, our results indicate that the coupling
between MHz frequency resonators can significantly
differ from a purely dispersive spring-like coupling. The
coupling via SAW/BAW is not only dispersive but also
dissipative. Both dissipative and dispersive coupling
has been observed in optomechanical systems [22–25]
and in a micromechanical resonator embedded with a
nanomechanical resonator [26], but were never reported
so far in a mechanical system consisting of two identical
resonators. The dissipative coupling opens up a new
possibility to create high quality vibrational modes in
the MHz regime by positioning two or more resonators
in certain distances. In comparison to acoustic radiation
shielding by phononic crystals [27–30], phonon cavities
based on dissipative coupling are still accessible by SAW
with a frequency equal to the resonator’s resonance
frequency and thereby allow to perform quantum
acoustics experiments between a SAW [31] and coupled
mechanical resonators.
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6SUPPLEMENTAL MATERIAL FOR:
WAVE COUPLING BETWEEN MECHANICAL RESONATORS IN THE MHZ REGIME
Numerical calculations of radiated acoustic power
The radiated acoustic power Prad of an acoustic source
is given by the integration of the acoustic intensity ~I over
an surface S enclosing the source [32]
Prad =
∫
S
~I d~S . (9)
The acoustic intensity is defined as the product of acous-
tic pressure p and acoustic particle velocity ~v. For an
acoustic point source, the acoustic pressure and the ra-
dial component of the acoustic particle velocity are given
by
p(r, t) = p0 r
−1 ei (ω t−k r+φ) (10)
and
vr(r, t) = p(r, t)/Z(r) . (11)
Here, p0 defines the amplitude of the acoustic pressure at
a distance r to the source and Z is the acoustic impedance
of a spherical wave given by
Z(r) = ρ c
[
i k r/(1 + i k r)
]
, (12)
where ρ is the density of the medium and c is the speed
of sound. To calculate the total radiated power of two
sources the total pressure field ptot and the total velocity
fields ~vtot have to be determined. Based on the super-
position principle, the fields are given by ptot = p1 + p2
and ~vtot = ~v1 + ~v2. The calculations of the total radi-
ated power of two acoustic point sources were carried out
with Matlab R2017b. The result shown in the main text
is independent of the parameter values of ω, p0, ρ and c.
FEM simulations of a pair of pillar resonators
The finite element simulation were carried out with
COMSOL Multiphysics (Version 5.4) using the Modules
AC/DC (Electrostatics) and Structural Mechanics (Solid
Mechancis, Piezoelectricity). Two pillars separated by a
distance d were placed on top of a half sphere, which
represented the substrate. The pillars had a diameter
of 4 µm and a height of 6 µm. Their Young’s modu-
lus, density and Poisson’s ratio were E = 4.88 GPa,
ρ = 1183 kg/m
3
and ν = 0.22, similar to the material
properties of the MicroChem SU-8 resist. No intrinsic
damping was considered, since the focus was on the mod-
ulation of the clamping loss. A free tetrahedral mesh was
used for the pillars with a maximum element size of an
eighth of the pillars’ diameter.
FIG. 4. Geometry and mesh of the FEM simulations of a pair
of pillar resonators.
The substrate was partitioned into an outer and an
inner part. The outer part was defined as a perfectly
matched layer (PML) representing an infinitive sub-
strate. The substrate’s material was lithium niobate
(LiNbO3) with an 127.86
◦ Y-cut orientation. The pil-
lars were placed along a line perpendicular to the crys-
tallographic X-axis. This line lies in a plane of mirror
symmetry of the lithium niobate crystal [33]. The sym-
metry allowed for reducing the simulated domain to half
of the considered domain. A swept mesh was applied to
the PML and a free tetrahedral mesh to the inner part
of the substrate. The maximum element size of the free
tetrahedral mesh was an eight of the SAW wavelength
λSAW up to distance of λSAW to the surface, which is
approximately the penetration depth of an SAW. For el-
ements deeper in the substrate, the maximum element
size was reduced by a factor of two. A graphic of the
geometry and the used mesh is shown in Fig. 4.
In Solid Mechanics quadratic serendipity elements and
in Electrostatics quadratic Lagrange elements were ap-
plied on all mesh elements. The eigenfrequency solver
was used to calculate the eigenfrequencies and qual-
ity factors of the symmetric and antisymmetric normal
modes for different distances d between the pillars.
Fitting of the wave coupling model to the FEM data
We consider two identical and wave-coupled resonators
vibrating in the symmetric mode. The equation of mo-
tion of one of the resonators is given by adding the total
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coupling force Ftot to the resonator’s driving force
z¨ + (ω0/Q0) z˙ + ω
2
0 z = F (t)/m+ Ftot(d)/m . (13)
Inserting the expression for Ftot(d) (see main text) into
Eq. (13) and rearranging the equation yields
F (t)/m = z¨ + (ω0/Q0)
[
1 + βIntASAW(d) sin
(
∆φ(d)
)]
z˙
+ω20
[
1− α2SRASAW(d) cos
(
∆φ(d)
)]
z .
(14)
Using the ansatz z = z0 e
i ω t with complex amplitude z0
and rearranging the equation results in
F0/m =
(
ω20
[
1− α2SRASAW(d) cos
(
∆φ(d)
)]− ω2
+ i ω (ω0/Q0)
[
1 + βIntASAW(d) sin
(
∆φ(d)
)])
z .
(15)
By comparing Eq. (15) with the case of a single resonator
F (t)/m =
[
ω20 − ω2 + i ω (ω0/Q0)
]
z , (16)
it becomes clear that the eigenfrequencies and quality
factors of the wave-coupled resonators are given by
ωsym = ω0
√
1− α2SRASAW(d) cos
(
∆φ(d)
)
(17)
and
Qsym = (ωsym/ω0)Q0/
[
1 + βIntASAW(d) sin
(
∆φ(d)
)]
.
(18)
The normalized amplitude ASAW(d) and the phase term
θ(d) (contained in ∆φ(d), see main text) were determined
by FEM simulations of a single pillar. More details are
given in the following section. The fitting procedure was
carried out in Matlab R2017b.
Normalized SAW amplitude and extra phase term
We performed FEM simulations of a single pillar res-
onator to determine the normalized amplitude ASAW(r)
and the phase term θ(r) of a SAW emitted by a single
pillar resonator as a function of the SAW propagation
distance r. We used the same settings as in the simu-
lations of a pair of pillar resonators and positioned the
single pillar resonator exactly in the original middle of
the pillar pair. The results of the simulations are shown
in Fig. 5(a),(b). We determined the values of ASAW(r)
and θ(r) along a line in y-direction [see Fig. 5(c)] based
on the displacement in z-direction. As discussed in the
Main text, the phase term θ(r) is defined by
θ(r) = φR − φSAW(r)− k r . (19)
We determined the phase of the pillar resonator φR on the
central point on top of the pillar [see Fig. 5(c)]. We chose
this point, since it is the starting point of the emitted
SAW.
An explanation for the extra phase term θ(r) is shown
in Fig. 5(d). Inside the pillar resonator the phase dif-
ference between the displacements in y- and z-direction
8is 180◦. The SAW emitted by the pillar resonator is a
Rayleigh wave, since the pillar resonator is mounted on
a 127.86◦ Y-cut lithium niobate substrate. In a Rayleigh
wave the difference between the displacements in y- and
z-direction is 90◦. Thus, the SAW, which has its origin
in the pillar resonator, has to undergo an extra phase
transition during its formation to fulfill the phase rela-
tion between the displacements in y- and z-direction in a
Rayleigh wave.
